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Spherical symmetry of generalized EYMH fields
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Abstract

The possible actions of symmetry groups on generalized Higgs fields coupled to an Einstein–Yang–Mills
field are studied with differential geometrical techniques involving principal and associated bundles. A
classification of conjugacy classes of these actions and the form of the corresponding invariant Einstein–
Yang–Mills–Higgs (EYMH) fields is obtained and then applied to the case of static spherically symmetric
fields over four-dimensional space-time. We identify the representations of the gauge group for which
spherically symmetric Higgs fields exist. Then the set of all field equations for the independent functions
that describe these fields is analyzed and the corresponding ordinary system of differential equations is
derived and shown to be consistent.
© 2005 Elsevier B.V. All rights reserved.
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equations

1. Introduction

It has long been realized [1] that Yang–Mills potentials correspond to the local functions needed
to describe a connection on a principal bundle P over space-time M whose structure group Go is
the physical gauge group. A local gauge transformation is then represented by a change to another
local section of P.

Similarly, while the standard Higgs field is a scalar function on space-time with values in the
Lie algebra go ofGo and transforms under the adjoint transformation in go, it is easily generalized
to have values in a vector space (or manifold) on which the gauge group acts. In fact, a generalized
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Higgs field is best defined as a section of a bundle E associated to P since that already incorporates
the relation to the gauge group and the gauge changes [2–5].

Over the last one or two decades much work has been done exploring special classical solutions
of Yang–Mills gauge fields in interaction with the gravitational field, the so-called Einstein–Yang–
Mills (EYM) fields. This work starting with numerical regular and black hole solutions for the
SU(2) gauge group [6–9] and followed soon by rigorous existence proofs [10–12] has dealt mainly
with the spherically symmetric static case although some very special rotationally symmetric
stationary solutions have also been numerically constructed. In most papers the gauge group was
chosen to be the simplest nonabelian one, namely SU(2), but some numerical studies have been
done for SU(n) with n ≥ 3. The inclusion of gravity unfortunately makes some of the techniques
used in the Yang–Mills–Higgs theories on Minkowski space less effective like, for example, the
Bogomol’nyi equations which have lead to many rigorous results for arbitrary compact gauge
groups (cf. [13]), for a survey of EYM solutions see [14].

We have been particularly interested in studying the general geometric, analytic and algebraic
problems that arise when the gauge group is an arbitrary compact semisimple Lie group and the
symmetry group acts on the principal bundle by arbitrary automorphisms as long as they project
onto the ‘normal’ action of SO(3) by isometries on a static space-time manifold. In [15,16]
it was shown how the conjugacy classes of these group actions correspond to Dynkin’s [17]
classification of sl2C subalgebras of semisimple Lie algebras. We then derived and analyzed to
some extent the resulting system of ordinary differential equations [16,18,19]. It turns out that
the analysis of these equations even in this static spherically symmetric case poses already many
interesting problems. About the set of global solutions satisfying appropriate physical boundary
conditions still very little is known for gauge groups other than SU(2). The possible actions of
SU(2) by automorphisms on principal bundles come in two main groups which we called regular
and irregular. For regular actions the static field equations allow a simple gauge choice such that
with suitable boundary conditions a nonlinear and singular boundary value problem for a number
of functions of the radial variable r results which is numerically difficult to solve but feasible
(see, for example [20,21]). In the irregular case there appears to be no simple gauge choice to
eliminate some dependent variables and the boundary value problem becomes degenerate and
thus numerically quite unstable.

The purpose of this paper is two-fold. On the one hand we analyze carefully the possible actions
of a symmetry group on both the principal and associated bundles and extend the classification
of the conjugacy classes of action by automorphisms on principal bundles by Brodbeck [22] to
those on associated bundles. This construction works for quite general symmetry group actions,
structure groups and representations of the structure group on vector bundles subject to only very
mild restrictions on the orbit structure. The main result is Theorem 1 which also allows us to make
a fairly natural gauge choice in the general and in particular also the spherically symmetric case.

On the other hand we use this general result to classify the possible static spherically symmetric
field equations of a general Einstein–Yang–Mills–Higgs (EYMH) system for arbitrary compact
semisimple gauge groups, arbitrary symmetry group actions, and arbitrary representations defining
the associated bundle whose sections are the generalized Higgs fields. This classification also
applies, of course, to the Yang–Mills–Higgs theory where some early work [23] was done before
the study of the EYM equations started. When generalized Higgs fields are included many results
of the representation theory of compact Lie groups can be used.

We work with theories for which the Lagrange density is of the form L√|g| with

L = κR− 2Λ− k(Fαβ, F
αβ) − h(DαΦ,D

αΦ) − W(h(Φ,Φ)), (1)
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where R is the scalar curvature of the metric gαβ dxα dxβ, k is an ad-invariant positive definite
inner product on the Lie algebra go of the gauge group Go, and h a (Hermitian) inner product on
a (in general complex) vector space V, invariant under the action ρ : Go → GL(V ) and W is a
scalar function of its argument serving as a potential.DαΦ denotes the gauge covariant derivative
of the Higgs fieldΦ which depends on the metric, the gauge potential and ρ. (Also, κ = c4/8πG
with G being Newton’s constant,Λ is the cosmological constant while coupling constants for the
Yang–Mills and Higgs fields can be absorbed into the definitions of the inner products k and h.)

Part of our assumptions is that both the gauge field and the Higgs field are invariant under
the appropriate actions of the symmetry group on the principal and the associated bundle, re-
spectively. We then find that nontrivial spherically symmetric Higgs fields do not exist for certain
representations ρ like a two-dimensional irreducible spinor representation, for example. This does
not exclude the possibility of such a (noninvariant) Higgs field contributing to a spherically sym-
metric stress-energy tensor, however, and thus being compatible with a spherically symmetric
space-time metric. But we are not aware of any reasonable definition of symmetry in which such
Higgs fields themselves could be regarded as spherically symmetric.

The paper is organized as follows. In Sections 2 and 3 we recall the definition of automor-
phisms and automorphism groups of associated bundles and establish some notation. The general
classification of invariant gauge and Higgs fields under any symmetry group action is obtained in
Section 4. In Section 5 we specialize to the symmetry groupK = SU(2) and derive all field equa-
tions. We then verify that a consistent set of first and second order ordinary differential equations
in the radial variable is obtained, subject to a set of constraint equations that need be satisfied
only at one regular point and are then ‘conserved’. This result is true whether or not the action of
K is regular or not, but as in the pure EYM case the gauge choice is simple only in the regular
case. In the final subsection we use results from [16,18] to cast the field equations into a fairly
explicit form from which a numerical algorithm can be derived. We do not, in this paper, attempt
to find new numerical solutions nor do we analyze what kind of boundary conditions are implied
by regularity assumptions on the solution at singular points like the center (r = 0) or at a black
hole horizon. In the general case (arbitrary compact gauge group and arbitrary representation)
this is likely to lead to a considerable number of nontrivial algebraic problems as one can guess
from the experience with the EYM fields. It is, however, a necessary first step for a numerical
exploration of the solution set.

2. Associated bundles and their automorphisms

Let P = (P, π,M,Go,R) be a principal bundle over a manifold M with projection π, structure
group Go and right action R of Go on P, R : P ×Go → P : (p, g) �→ Rgp.

Given another manifold V and a left action ρ : Go × V → V the associated bundle E =
(E,P, πE,M,Go,R, ρ, V ) is defined as the set of equivalence classes [p, v] of elements (p, v) ∈
P × V with respect to the relation:

(p′, v′) ∼ (p, v) ⇔ p′ = Rgp and v′ = ρg−1v for some g ∈ Go.
We denote the fibers of P and E over x ∈ M byPx = π−1(x) and byEx = π−1

E (x), respectively.
We will, in general, assume that the action ρ is effective, i.e. that ρgv = v∀ v ∈ V ⇒ g = e, the

identity ofGo. It then follows thatp, q ∈ Px, [p, v] = [q, v] ∀ v ∈ V ⇒ p = q. Let π̂ : P × V →
E : (p, v) �→ [p, v] denote the canonical projection. Then π̂p : V → π−1

E (π(p)) : v �→ [p, v] is
an isomorphism of V onto Eπ(p) (a diffeomorphism in general, a vector space isomorphism if V
is a vector space). We note that π̂−1

p ([p, v]) = v and also π̂Rgp = π̂p ◦ ρg.
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It is well known (e.g. [5]) that there is a one-to-one correspondence between the setCπE of sec-
tionsΦ of E and equivariant maps Φ̃ : P → V (i.e. maps satisfying Φ̃ ◦ Rg = ρg−1 ◦ Φ̃∀ g ∈ Go)
given byΦ �→ Φ̃with Φ̃(p) = π̂−1

p ◦Φ ◦ π(p) and Φ̃ �→ ΦwithΦ(x) = π̂p ◦ Φ̃(p) = [p, Φ̃(p)]
for any p ∈ Px and x ∈ M.

An automorphism of P is a diffeomorphism ψ of P onto itself such that π ◦ ψ = ψ̄ ◦ π and
ψ ◦ Rg = Rg ◦ ψ ∀ g ∈ Go where ψ̄ is an induced diffeomorphism of M onto itself. An automor-
phism of E is a bundle isomorphism (χ, ψ̄) of E, i.e. satisfying πE ◦ χ = ψ̄ ◦ πE, and inducing an
isomorphism of Ex onto Eψ̄(x) for any x ∈ M that is of the form χ = π̂q ◦ π̂−1

p : Ex → Eψ̄(x) :

[p, v] �→ [q, v] for a certain p ∈ Px := π−1(x) and q ∈ Pψ̄(x) (cf. [24, p. 55]). Given an auto-
morphism ψ of P there is, however, a natural way to induce a related automorphism ψE of an
associated bundle E, namely by choosing q = ψ(p) so that

ψE = π̂ψ(p) ◦ π̂−1
p : Ex → Eψ̄(x) : [p, v] �→ [ψ(p), v] for anyp ∈ Px. (2)

In this case a sectionΦ ∈ CπE is invariant under an automorphismψE of E, i.e. satisfiesΦ ◦ ψ̄ =
ψE ◦Φ iff the corresponding equivariant map Φ̃ : P → V is invariant in the sense of satisfying
Φ̃ ◦ ψ = Φ̃ (see [25], for example). Every automorphism of E is induced by one of P in this way,
provided that the action ρ defining E is effective.

We now describe both ψ and ψE with respect to a local trivialization U ×Go of P where U is
an open set of M. Given a local section σ : U → P define a local trivialization of P by

τ : U ×Go → π−1(U) : (x, g) �→ Rgσ(x) (3)

and let

τE : U × V → π−1
E (U) : (x, v) �→ [σ(x), v] (4)

be the associated local trivialization of E. With respect to this trivilization a section Φ of E can
always be written as

Φ(x) = τE(x, φ(x)) = [σ(x), φ(x)], x ∈ U (5)

for some map φ : U → V .
The corresponding equivariant map Φ̃ then satisfies Φ̃ ◦ τ(x, g) = ρg−1φ(x) and under a gauge

change a Higgs field Φ transforms like φ(x) �→ φ̌(x) = ργ(x)−1φ(x).
In such a local chart we can describe the automorphismψ in the formψ(σ(x)) = Rψ̂(x)σ(ψ̄(x))

where ψ̂ : U → Go. Then ψ(τ(x, g)) = τ(ψ̄(x), ψ̂(x)g). Similarly, the map ψE([σ(x), v]) :=
[RψE(x)σ(ψ̄(x)), v] = [σ(ψ̄(x)), ρψE(x)v] is locally of the form ψE ◦ τE(x, v)τE(ψ̄(x), ρψ̂(x)v).

Under a local gauge transformation σ2(x) = Rγ(x)σ1(x) the functions ψ̂1 changes into ψ̂2 =
γ(ψ̄1(x))−1ψ̂1(x)γ(x).

3. Symmetry group acting on P and E

We will be interested in groups of automorphisms of P and of E that cover the same dif-
feomorphisms of M and want to explore just how many independent choices can be made to
describe such actions completely. For classical relativistic field theories we would expect to have
an isometry group of a Lorentzian space-time manifold M and, if there are gauge fields and Higgs
fields present, we would expect this group to lift to act by automorphisms on the bundles P and
E so that all physical fields are invariant under this symmetry group action. (This is to some
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extent even implied if Einstein’s equations hold because then, if the metric is invariant, the whole
stress-energy tensor will have to be invariant too which imposes strong constraints on the gauge
and Higgs fields although it does not imply that they are invariant under the symmetries.)

For the remainder of this article we will assume that that the associated bundleE = P ×ρ V is a
vector bundle. That is V will be taken to be a finite-dimensional vector space and ρ : Go → GL(V )
a linear representation ofGo on V. We will also assume that there is a positive definite Hermitian
inner product h : V × V → R on V that is invariant under the action of Go. In other words
h(ρgv, ρgw) = h(v,w) for all g ∈ Go and v,w ∈ V . We note that if Go is compact, then there
will always exist such an inner-product.

We call a principal bundle P = P(M,Go) on which a Lie group K acts effectively on the left

ψ : K × P −→ P : (a, p) �−→ ψap (6)

by principal bundle automorphisms a K-symmetric principal bundle. Let ψ̄ : K ×M −→ M :
(a, x) �−→ ψ̄ax denote the left action of K induced on M via projections ofψa. As discussed in the
previous section, the action (6) induces a natural left action of K on E by bundle automorphisms
which is given by

ψE : K × E −→ E : (a, [p, v]) �→ [ψa(p), v] (7)

and in local coordinates by

ψa(x, g) = (ψ̄ax, ψ̂(a, x)g) and ψEa (x, v) = (ψ̄ax, ρψ̂(a,x)v). (8)

The symmetry group action is therefore determined (in a given gauge) by two maps ψ̄ : K ×
U → U and ψ̂ : K × U → Go. The fact that K acts on the left implies ψ̄(ab, x) = ψ̄(a, ψ̄(b, x)),
ψ̂(eK, x) = eGo , and ψ̂(ab, x) = ψ̂(a, ψ̄bx)ψ̂(b, x) for all a, b ∈ K and x ∈ U.

It is easily seen that ψE induces a right action ψ∗
E on the set CπE of sections of E by

ψE∗
a (Φ) := ψE

a−1 ◦Φ ◦ ψ̄a ∀ a ∈ K. (9)

Therefore a section Φ is called invariant under the action of K if

ψE∗
a (Φ) = Φ ∀ a ∈ K.

The invariant Hermitian inner-product h can be used to induce a Hermitian inner product on the
vector bundle E. If σ : U ⊂ M → P is a local section and Φ, Ψ ∈ CπE are two sections with
local representatives Φσ : U → V and Ψσ : U → V , respectively, so that

Φ(x) = [σ(x), Φσ(x)] and Ψ (x) = [σ(x), Φσ(x)] for all x ∈ U,
then the Hermitian metric h on E is defined by the formula:

h(Φ,Φ) := h(Φσ,Ψσ) for all x ∈ U. (10)

The Go-invariance of h guarantees that this local formula defines a global Hermitian metric.

4. Classifying invariant Higgs fields

As in the previous section we assume that P = P(M,Go) is a K-symmetric bundle and that K
acts on the vector bundleE = P ×ρ V according to the natural action (7). Also, for the remainder
of this article we will assume that the symmetry group K is compact. Once we know this, then
we know that there exists an open dense subset U ⊂ M such that U is, at least locally, regularly
foliated by orbits of K under the action ψ̄ on M. Fixing a point xo ∈ U and letting Ko be the
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isotropy group of xo, we then have that locally U ≈ U/K ×K/Ko. This shows that we can, with
a minor loss of generality, assume that M = M̃ ×K/Ko with the ψ̄ action given by

ψ̄ : K × (M̃ ×K/Ko) −→ M̃ ×K/Ko : (a, (x, kKo)) �−→ (x, akKo).

In [22] it is established that the K-symmetric principal bundles over base manifolds of the form
M̃ ×K/Ko can be classified by a homomorphism λ : Ko → Go and a principal bundle Q̃ over M̃
with structure groupZ := Cent(λ(Ko)) ⊂ Go. The classifying bundle Q̃ is constructed as follows.
Let P |M̃ be the portion of P over the submanifold M̃ ∼= M̃ × {eKo} (i.e. P |M̃ := {p ∈ P : π(p) ∈
M̃ × eKo}). Then M̃ ∼= M̃ × {eKo} is a fixed point set for the action ψ̄ and hence each fiber of
P |M̃ is mapped onto itself by the action of Ko on P. This induces a map µ : P |M̃ ×Ko → Go :
(p, h) �→ µp(h) where µp(h) is the unique element ofGo satisfying ψh(p) = Rµph(p). For each
p ∈ P |M̃ , µp : Ko → Go defines a group homomorphism. Moreover, if p, q ∈ P |M̃ are in the
same fiber then the homomorphisms µp and µq belong to the same conjugacy class. Next, fix
po ∈ P |M̃ and let λ := µpo . Then Q̃ is defined by

Q̃(M̃, Z) := {p ∈ P |M̃ : µp = λ} (11)

and it can be shown that Q̃ is a principal bundle over M̃ with structure group Z. Thus each
K-symmetric principal bundle P with base manifold M = M̃ ×K/Ko determines a Z-bundle Q̃
over M̃ and a homomorphism λ : Ko → Go. Conversely, given (Q̃, λ) it is possible to construct
a bundle isomorphic to P. We describe the construction below because it produces a principal
bundle P̂ isomorphic to P on which the K action is made as simple as possible. This makes it easy
to identify the K-invariant Higgs fields.

Let P̌ := Q̃×K be the product bundle with base M̃ ×K/Ko and gauge group Ǧo := Z ×Ko
which acts on P̌ via R(z,h)(q, k) = (q, k) · (z, h) := (Rz(q), kh) for all (z, h) ∈ Z ×Ko. The pro-
jection πP̌ : P̌ → M̃ ×K/Ko is given by πP̌ (q, k) = (πQ̃(q), kKo) where πQ̃ : Q̃ → M̃ is the

principal bundle projection map. Clearly, ψ′ : K × P̌ → P̌ : (k1, (q, k)) �→ (q, k1k) is a left
action of K on P̌ by bundle automorphisms. We let ρλ be the homomorphism defined by
ρλ : Ǧo → Go : (z, h) �→ zλ(h), and let Ǧo act on Go via Ǧo ×Go → Go : (g′, g) �→ ρλ(g′)g.
This allows us to define the associated bundle P̂ := P̌ ×ρλ Go. It can be verified that P̂ is a
principal bundle with base M̃ ×K/Ko and structure group Go with the right action of Go
given by R̂g1 ([(q, k), g]) = [(q, k), g] · g1 := [(q, k), gg1]g1 ∈ Go. The bundle projection map
πP̂ : P̂ → M̃ ×K/Ko is given byπP̂ ([(q, k), g]) := πP̌ (q, k). As indicated above, the importance
of P̂ is that it is isomorphic to P with the isomorphism defined by P̂ → P : [(q, k), g] �→ ψkRgq.
This defines a K andGo equivariant bundle isomorphism that induces the identity on the common
base M̃ ×K/Ko of the two bundles P̂ and P. We also note that left action of K on P̂ is given
simply by

ψ̂ : K × P̂ −→ P̂ : (k1, [(q, k), g]) �−→ [(q, k1k), g]. (12)

Now that the bundle P̂ has been defined, we can use it to classify the invariant Higgs fields.
Consider the associated vector bundle Ê := P̂ ×ρ V with projection πÊ : Ê → M̃ ×K/M. The
points of Ê are the equivalence classes [[(q, k), g], v] where [(q, k), g] is a point in P̂ and v is a
vector in V. We note that the natural left K-action ψÊ : K × Ê → Ê is given by

ψÊ : K × Ê −→ Ê : (k1, [[(q, k), g], v]) �−→ ψÊk1
([[(q, k), g], v]) := [[(q, k1k), g], v].

This follows from (12) and (7). Let Φ : M̃ ×K/Ko → Ê be a section of Ê that is K-invariant in
the sense of (9). In other words, Φ is a K-invariant Higgs field. From Section 2, we know that
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Φ is equivalent to a Go-equivariant map Φ̃ : P̂ → V which satisfies Φ̃ ◦ ψ̂k = Φ̃ for all k ∈ K.
Letting πP̌×Go denote the projection πP̌×Go : P̌ ×Go → P̂ : (p, g) �→ [p, g], we then find that
the diagram

commutes. It is not difficult to see from this diagram that πP̌×Go defines a K-equivariant principal

bundle homomorphism between P̌ ×Go and P̂ that induces the identity homomorphism on Go.
Moreover, from the surjectivity of πP̌×Go , it is clear that the equivariant map corresponding to

the Higgs field Φ̂ is completely determined by the map Φ̌ := Φ̂ ◦ πP̌×Go : P̌ ×Go → V . Since

πP̌×Go is bothGo and K equivariant, it follows that Φ̌ is K andGo equivariant. That is Φ̌ satisfies

Řg ◦ Φ̌ = ρ(g−1) ◦ Φ̌ for all g ∈ Go (13)

and

Φ̌ ◦ ψ′
k = Φ̌ for all k ∈ K. (14)

The map Φ̌ possesses an additional invariance coming from the construction of the bundle P̂ .
Letting φg denote the action

φg′ : P̌ ×Go −→ P̌ ×Go : ((q, k), g) �−→ (Rg′ ((q, k)), ρλ(g′−1)g) for g′ ∈ Ǧo
it follows from the definition of P̂ as the associated bundle that πP̌×Go ◦ φg′ = πP̌×Go for all

g′ ∈ Ǧo. Consequently Φ̌ satisfies

Φ̌ ◦ φg′ = Φ̌ for all g′ ∈ Ǧo. (15)

From (13) we have that Φ̌((q, k), g) = ρg−1Φ̌((q, k), e) while (14) shows that Φ̌((q, k), g) =
Φ̌((q, e), g). Combining these two results yields

Φ̌((q, k), g) = ρg−1Φ̌((q, e), e). (16)

We also have from (15) that

Φ̌((q, k), g) = ρg−1Φ̌((q · z, kh), z−1λh−1g). (17)

Eqs. (16) and (17) imply that

Φ̌((q · z, e), e) = ρz−1ρλ(h−1)Φ̌((q, e), e) (18)

for all q ∈ Q̃ and z ∈ Z, h ∈ Ko. Defining the map

L̃ : Q̃ −→ V : q �−→ L̃(q) := Φ̌((q, e), e), (19)

Eq. (16) shows that L̃ and the action ρ can be used to completely determine the invariant Higgs
field via the relationship Φ̃([(q, k), g]) = ρg−1L̃(q) for all q ∈ Q̃, k ∈ K, and g ∈ Go. This can
also be written as

Φ ◦ πP̌ (q, k) = [[(q, k), g], ρg−1L̃(q)] for all q ∈ Q̃, k ∈ K and g ∈ Go. (20)



H.P. Künzle, T.A. Oliynyk / Journal of Geometry and Physics 56 (2006) 1856–1874 1863

The map L̃ is not arbitrary but is in fact a section of the associate bundle Q̃×(ρ,Z) V . To see
this set h = e in (18) to get L̃ ◦ Rz = ρz−1 ◦ L̃ for all z ∈ Z. This shows that L̃ : Q̃ → V is an
equivariant map and hence by the discussion in Section 2, uniquely determines a section of the
vector bundle Q̃×(ρ,Z) V . Setting z = e in (18) shows that L̃ must satisfy also the additional
condition

ρλ(h)L̃(q) = L̃(q) for all q ∈ Q̃ and allh ∈ Ko. (21)

We summarize the above results in the following theorem.

Theorem 1. Let P(M,Go) be a principal bundle and suppose that

(i) K is a compact Lie group that acts on P(M,Go) on the left by principal bundle automor-
phisms;

(ii) the base space M is diffeomorphic to M̃ ×K/Ko where M̃ is a smooth manifold, Ko is the
isotropy subgroup of K of any point xo ∈ M, and the induced action of K on M is given by
(k1, (x, kKo)) → (x, k1kKo);

(iii) the K-symmetric bundle P(M,Go) is classified by a homomorphism λ : Ko → Go and a
principal bundle Q̃(M̃, Z) (Z := Cent(λ(Ko)) ⊂ Go) in the sense of Brodbeck (see (11) and
[22]);

(iv) V is a vector space,ρ is a linear representation ofGo on V, andE := P ×ρ V is the associated
vector bundle.

Then the set of K-invariant sections of the vector bundle E is in one-to-one correspondence with
the set of maps L̃ : Q̃ → V satisfying

L̃ ◦ Rz = ρz−1 ◦ L̃ and ρλ(h) ◦ L̃ = L̃

for all z ∈ Z and h ∈ Ko.
In order to derive the EYMH equations we need to have explicit local formulae for the invariant
fields. This means fixing a gauge. To fix the gauge, let σ̃ : Ũ ⊂ M̃ → Q̃ and σ̂ : Û ⊂ K/Ko → K

be two local sections. Then, if ιe : P̌ → P̌ ×Go : p �→ (p, e), the two local sections σ̃ and σ̂ can
be used to define local section (i.e. a gauge) of P̂ by

σ : Ũ × Û ⊂ M̃ ×K/Ko → P̂, σ := πP̌×Go ◦ ιe ◦ σ̃ × σ̂. (22)

In [22] it is shown that the set of K-invariant connection forms ω on P is in one-to-one cor-
respondence with the set of pairs (ω̃, Λ̃) where ω̃ is a connection form on Q̃ and Λ̃ is a map
Λ̃ : Q̃ −→ gl(k, g) that satisfies

Λ̃(q) ◦ Adh = Adλ(h)Λ̃(q) and Λ̃(q) · ξ = λ′(ξ) (λ′ := Teλ) (23)

for all q ∈ Q̃, h ∈ Ko, and ξ ∈ ko. Moreover, it is shown in [22] that in the gauge (22) the gauge
potential Aσ := σ∗ω can be written as Aσ = Ãσ +Λσσ̂∗θK where Ãσ := σ̃∗ω̃, Λσ := Λ̃ ◦ σ̃,
and θKh := Th�h−1 (�h being the left translation by h) is the Maurer–Cartan form on K. This takes
care of the local formula for the gauge potential.

We now consider the Higgs field. For (y, kKo) ∈ Ũ × Û we have σ(y, kKo) =
[(σ̃(y), σ̂(kKo)), e] and so it follows from (20) that Φ(y, kKo) = [σ(y, kKo), L̃ ◦ σ̃(y)] for all
(y, kKo) ∈ Ũ × Û. This shows that in the gauge (22) (see (5)) the Higgs field is given by

φσ(y, kKo) = Lσ(y) := L̃ ◦ σ̃(y), (y, kKo) ∈ Ũ × Û.
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In view of (21),Lσ must satisfy ρλ(h)L
σ(y) = Lσ(y) ∀h ∈ Ko,∀ y ∈ Ũ.which becomes infinites-

imally,

ρλ′(ξ)L
σ(y) = 0 ∀ ξ ∈ ko,∀ y ∈ Ũ, (24)

where ρ : go −→ gl(V ) is the Lie algebra representation of go on V induced from the group
representation ρ.

Another important fact that will be needed for the analysis of the EYMH equations is that
invariant Higgs fields produce an invariant stress-energy tensor. The Higgs field contribution to
the stress-energy tensor is made from the two following combinations of the Higgs field: h(Φ,Φ)
and h(DXΦ,DYΦ) whereDX is the covariant derivative on E and h is the Hermitian metric on E
(see (10)).

Eqs. (8) and (10), and the Go-invariance of h imply that

h(ψEk Ψ,ψ
E
k Φ) = h(Ψ,Φ) (25)

for all (Ψ,Φ) ∈ CπE × CπE and k ∈ K. Therefore any K-invariant section Φ satisfies

ψ̄∗
k (h(Φ,Φ)) = h(Φ,Φ) for all k ∈ K. (26)

This shows that h(Φ,Φ) defines a K-invariant function on M.
If we assume that the connection on P is K-invariant, then a straightforward computation using

the invariance of the connection form ω (i.e. ψkω = ω for all k ∈ K) and the definition of the
covariant derivative (see [24, Chapter III, Section 1]) shows that if Φ is a K-invariant section of
E then

(Dψ̄k∗XΦ)(ψ̄k(x)) = ψEk (DXΦ(x)) (27)

for all x ∈ M, k ∈ K, and all vector fields X on M.
Now suppose that X and Y are two vector fields on M. Then

H(X, Y ) := h(DXΦ,DYΦ) (28)

defines a rank 2 covariant tensor and

(ψ̄∗
kH)(X, Y ) = h(Dψ̄k∗XΦ ◦ ψ̄k,Dψ̄k∗YΦ ◦ ψ̄k) (27)= h(ψEk DXΦ,ψ

E
k DYΦ)

(25)= h(DXΦ,DYΦ)

shows that H is a K-invariant tensor field on M, that is

ψ̄∗
kH = H for all k ∈ K. (29)

5. Spherically symmetric field equations

5.1. Field equations in general

Variation of the action corresponding to the Lagrangian (1) with respect to the metric, the
gauge potential components and the (real and imaginary) components of a Higgs field yields the
field equations:

κ(Rαβ − 1
2Rgαβ) +Λgαβ = Tαβ, (30)

k(A,DµFµα) = 2 Re h(ρAΦ,DαΦ) ∀A ∈ go, (31)
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DµDµΦ− 2W′Φ = 0, (32)

where

Tαβ = k(Fαµ, F
µ
β ) − 1

4k(Fλµ, Fλµ)gαβ + h(D(αΦ,Dβ)Φ)

− 1
2h(DλΦ,DλΦ)gαβ − 1

2Wgαβ. (33)

Eq. (31) can be written in the form

DµFµα = ρ̃(Φ,DαΦ), (34)

where ρ̃ : V × V → go is defined by

k(A, ρ̃(x, y)) = h(ρAx, y) + h(y, ρAx) = h(y, ρAx) − h(x, ρAy) ∀ x, y ∈ V,∀A ∈ go
(35)

(the second formula being true because ρA is a anti-Hermitian operator on V). It then follows
from the invariance properties of k and h:

k([A,B], C) = k(A, [B,C]) ∀A,B,C ∈ go, (36)

h(ρAx, y) + h(x, ρAy) = 0 ∀A ∈ go, ∀ x, y ∈ V, (37)

that the map ρ̃ satisfies

ρ̃(x, y) = −ρ̃(y, x), (38)

k([A,B], ρ̃(x, y)) = k(A, ρ̃(ρBx, y)) − k(B, ρ̃(ρAx, y)). (39)

If kΓ∆ and hIJ are the components of k and h with respect to bases {eΓ } of go and {EI} of V,
respectively, then ρ̃ can be given by

ρ̃ΓIJ := −2kΓΣρKΣ[IhJ]K, (40)

where (kΓ∆) is the inverse matrix to (kΓ∆) and ρeΓ (EJ ) = EKρKΓJ .
In the special case where ρ is the adjoint representation, the map ρ̃ is given by the negative of

the Lie bracket, i.e. ρ̃(A,B) = −[A,B].

5.2. Spherically symmetric EYMH fields

The spherically symmetric space-time metric can be given in a Schwarzschild-like coordinate
system by

g = −NS2 dt2 +N−1 dr2 + r2(dθ2 + sin2 θ dϕ2), (41)

where N and S are functions of r and t, in general, and of r only in the static case. The function
N is related to the mass function m(r, t) by N = 1 − 2m/r −Λ/(3κ)r2. We assume that the
space-time M is diffeomorphic to M̃ × S2 where M̃ is the ‘r-t’ manifold and S2 the orbits of the
symmetry group action.

The Yang–Mills potential for the gauge groupG = SU(2) has often been given in the so-called
Witten form [26] which is, however, not easily generalized to other gauge groups. Potentials for
general compact gauge groups (in the EYM case) have first been discussed by Bartnik [27] and
by Brodbeck and Straumann [15]. They show that the gauge potential can be given in the form:

A = NSA dt + B dr +Λ1 dθ + (Λ2 sin θ +Λ3 cos θ) dϕ. (42)
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If we choose the symmetry group to be K = SU(2) whose action on space-time has as isotropy
subgroup Ko = U(1) so that K/Ko � S2 then Λ is a map from M̃ into the space of linear maps
from k to go subject to (23) which implies

[Λ2,Λ3] = Λ1 and [Λ3,Λ1] = Λ2, (43)

where Λk = Λ(τk), {τk : k = 1, 2, 3} being the standard basis of su(2) with τ3 spanning ko. So
Λ3 = λ′(τ3) ∈ go is a constant vector characterizing the embedding of SU(2) in G and thus the
conjugacy class of the SU(2)-action on P. Also A and B are go-valued functions on M̃ which,
moreover, commute with Λ3. They give the “electric” part of the Yang–Mills potential. One can
choose a temporal gauge so that B = 0, and since one is mostly interested in the noncommuting
aspects of the Yang–Mills field the component A is often assumed to be zero, as we will also do
from now on.

The static spherically symmetric field equations for the full EYMH system can now be written
in a form just slightly more general than those derived in [16,18]. We need to observe that locally
invariant Higgs fields are described by V-valued functions of r, i.e. maps r ∈ Ũ ⊂ R → V , since
here H = U(1), subject to the condition (24) which becomes

ρΛ3Φ(r) = 0. (44)

The Yang–Mills equations then become

r2S−1(NSΛ′
1)′ − [Λ2, F̂ ] = r2ρ̃(Φ, ρΛ1Φ), (45)

r2S−1(NSΛ′
2)′ + [Λ1, F̂ ] = r2ρ̃(Φ, ρΛ2Φ), (46)

[Λ′
1,Λ1] + [Λ′

2,Λ2] = r2ρ̃(Φ,Φ′), (47)

where

F̂ := [Λ1,Λ2] −Λ3. (48)

The Higgs equation takes the form

S−1(r2NSΦ′)′ + (ρΛ1ρΛ1 + ρΛ2ρΛ2 )Φ+ W′Φ = 0. (49)

To derive the expression for the stress-energy tensor repeated use must be made of (43) and (44),
the representation property, ρ[X,Y ] = ρXρY − ρYρX forX, Y ∈ go, as well as the assumption that
ρX is anti-Hermitian on V. We find from these relations that

[Λ3, F̂ ] = 0, k(Λ′
1, F̂ ) = k(Λ′

2, F̂ ) = 0, (50)

k(Λ1,Λ2) = k(Λ′
1,Λ

′
2) = k(Λ2,Λ2) − k(Λ1,Λ1) = k(Λ′

2,Λ
′
2) − k(Λ′

1,Λ
′
1) = 0, (51)

h(ρΛ2Φ, ρΛ2Φ) = h(ρΛ1Φ, ρΛ1Φ), h(ρΛ2Φ, ρΛ1Φ) = −h(ρΛ1Φ, ρΛ2Φ) (52)

and then that (Tαβ ) = diag(−e, pr, pθ, pθ) with

e = r−2N‖Λ′
1‖2 + 1

2 r
−4‖F̂‖2 + 1

2N‖Φ′‖2 + r−2‖ρΛ1Φ‖2 + 1
2W, (53)

pr = r−2N‖Λ′
1‖2 − 1

2 r
−4‖F̂‖2 + 1

2N‖Φ′‖2 − r−2‖ρΛ1Φ‖2 − 1
2W, (54)

pθ = 1
2 r

−4‖F̂‖2 − 1
2N‖Φ′‖2 − 1

2W (55)
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(where ‖ · ‖ is the norm induced by k(, ) or h(, ), respectively) so that the Einstein equations
become

κm′ = 1
2 r

2e, (56)

κS−1S′ = 1
2 rN

−1(e+ pr) = r−1‖Λ′
1‖2 + 1

2 r‖Φ′‖2
. (57)

5.3. Consistency of the spherically symmetric equations

Eq. (47) can be viewed as a constraint equation since Eqs. (45), (46) and (49) are second-order
differential equations which when solved will fully determine Yang–Mills potential and the Higgs
field. The next proposition shows that away from the singular points where N(r) = 0, S(r) = 0,
or r = 0 the constraint equation (47) is ‘conserved’, i.e. automatically satisfied if it is satisfied at
one point and hence it is only a constraint on the initial data for the differential equations (45),
(46) and (49). We suspect that as in the EYM case this will still hold for solutions defined about
the singular point but we have not (yet) done an analysis of the differential equation near the
singular points similar to that in [16,18].

Proposition 2. Suppose {N(r), S(r),Λ1(r),Λ2(r)} satisfy the Yang–Mills equations (45) and
(46) and the Higgs equation (49) on an interval [r1, r2) (r1 > 0). If neither N(r) nor S(r) vanish
on the interval [r1, r2) and if the constraint equation (47) holds at r = r1 then it holds at all
r ∈ [r1, r2).

Proof. Let

γ := [NSΛ′
1,Λ1] + [NSΛ′

2,Λ2] − ρ̃(Φ, r2NSΦ′).

Differentiating γ and using Eqs. (45), (46) and (49) yields

γ ′ = r−2S([[Λ2, F̂ ],Λ1] − [[Λ1, F̂ ],Λ2]) + S([ρ̃(Φ, ρΛ1Φ),Λ1]

+ [ρ̃(Φ, ρΛ2Φ),Λ2] + ρ̃(Φ, (ρ2
Λ1

+ ρ2
Λ2

)Φ)). (58)

The Jacobi identity and Eq. (43) imply that

[[Λ2, F̂ ],Λ1] − [[Λ1, F̂ ],Λ2] = 0, (59)

while for any A ∈ go and j = 1, 2,

k(A, [ρ̃(Φ, ρΛjΦ),Λj]) = −k(A, ρ̃(Φ, ρ2
Λj
Φ)) + k(Λj, ρ̃(Φ, ρAρΛjΦ)) (60)

follows from (36), (38) and (39). But

k(Λj, ρ̃(Φ, ρAρΛjΦ))
(35)= h(ρΛjΦ, ρAρΛjΦ) + h(ρAρΛjΦ, ρΛjΦ)

= −h(ρAρΛjΦ, ρΛjΦ) + h(ρAρΛjΦ, ρΛjΦ) = 0

since ρA is anti-Hermitian. Since A ∈ go was chosen arbitrarily, (60) then implies that

[ρ̃(Φ, ρΛ1Φ),Λ1] + [ρ̃(Φ, ρΛ2Φ),Λ2] + ρ̃(Φ, (ρ2
Λ1

+ ρ2
Λ2

)Φ) = 0. (61)

So (58), (59) and (61) imply that γ ′ = 0 and hence γ = const on the interval [r1, r2). Clearly
γ(r1) = 0 then implies that γ(r) = 0 for all r ∈ [r1, r2). �
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It remains to investigate the consistency of the Yang–Mills equations (45) and (46) together with
(43). First we have the following proposition.

Proposition 3. Let R̃j := ρ̃(Φ, ρΛjΦ) for j = 1, 2. Then

[R̃2,Λ3] = R̃1 and [Λ3, R̃1] = R̃2. (62)

Proof. Suppose A ∈ go. Then

k(A, [Λ3, R̃1]) = k(A, [Λ3, ρ̃(Φ, ρΛ1Φ)])
(36),(38)= −k([A,Λ3], ρ̃(ρΛ1Φ,Φ))

(39)= −k(A, ρ̃(ρΛ3ρΛ1Φ,Φ)) + k(Λ3, ρ̃(ρAρΛ1Φ,Φ))

(43)= −k(A, ρ̃((ρΛ2 + ρΛ1ρΛ3 )Φ,Φ)) + k(Λ3, ρ̃(ρAρΛ1Φ,Φ))

(44)= k(A, ρ̃(Φ, ρΛ2Φ)) + k(Λ3, ρ̃(ρAρΛ1Φ,Φ)) = k(A, R̃2) + k(Λ3, ρ̃(ρAρΛ1Φ,Φ)).

But

k(Λ3, ρ̃(ρAρΛ1Φ,Φ))
(35)= h(ρΛ3ρAρΛ1Φ,Φ) + h(Φ, ρΛ3ρAρΛ1Φ)

= −h(ρAρΛ1Φ, ρΛ3Φ) − h(ρΛ3Φ, ρAρΛ1Φ) (since ρΛ3 is anti-Hermitian)
(44)= 0.

Since A ∈ go was chosen arbitrarily, the above two results imply that [Λ3, R̃1] = R̃2. Similar
calculations show that [R̃2,Λ3] = R̃1. �

With (62) it follows easily that (45) and (43) together imply (46). In fact, these Yang–Mills equa-
tions are more conveniently described in complex form. Let g = go ⊗ C be the complexification
of go so that go is its compact real form with respect to the conjugation c : g→ g : X+ iY �→
X− iY ∀X, Y ∈ go and let

�0 = 2iΛ3, �± := ∓Λ1 − iΛ2 (63)

so that �− = −c(�+) and c(�0) = −�0 and, by (43),

[�0,�±] = ±2�±. (64)

The Yang–Mills equations (45) and (46) are then equivalent to

r2S−1(NS�′
+)′ − i[F̂ ,�+] = −r2(R̃1 + iR̃2) =: −r2R̃+. (65)

With respect to the invariant metric k the operator ad�0 is Hermitian and g can be decomposed
into eigenspaces of ad�0 ,

g =
⊕
gn, gn := {X ∈ g : [�0, X] = nX}. (66)

By (64), �+(r) ∈ g2 ∀ r and therefore so are �′+, �′′+, and also, by (59), [F̂ ,�+]. On the other
hand, Proposition 3 implies that also the right-hand side of (65) lies in g2 for any (anti-Hermitian)
representation ρ : go → gl(V ) provided that the Higgs field satisfies (44). Eq. (65) thus represent
consistent second-order differential equations for the gauge potential components, subject only
to the constraints (47) being satisfied at one point.
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5.4. Explicit form of the field equations

If we are just trying to construct a local solution of the EYMH equations in some radial interval
in which none of r, N(r) and S(r) is zero we can choose a constant �0 ∈ g, subject to it being
an integral lattice point within the closed fundamental Weyl chamber of some Cartan subalgebra
and satisfying c(�0) = −�0. (This will fix an explicit action of the symmetry groupKo = SU(2)
by automorphisms on the principal bundle [15].) Then any r-dependent �+ ∈ g may be chosen
subject to (64) and, at one point, to (47).

But the interesting and physically more relevant EYMH fields are global ones which remain
regular at the center r = 0 or at a black hole horizon whereN = 0 and which have an appropriate
asymptotic behavior. It is clear from the expressions for energy density and pressures in Eqs. (53)–
(55) thatΛ′

1,ρΛ1Φ and, in particular, F̂ must vanish for r = 0. This means that also [Λ1,Λ2] = Λ3
at that point which in turn implies that the induced Lie algebra homomorphismλ′ : k0 → go defines
a so-called A1 (or defining) vector �0 = 2iΛ3 in the Cartan subalgebra of the complexified Lie
algebra g = go ⊗ C and thus a conjugacy class of sl(2)-subalgebras. Even when no regularity
at the center is required, for example when solutions need only be found outside a black hole,
natural physical fall-off conditions at infinity also imply F̂ = 0 (at least when the space-time is
asymptotically flat and the magnetic charge vanishes). We will therefore from now on make the
assumption that �0 is an A1-vector.

Up to conjugacy these A1-vectors and their corresponding subalgebras form a finite set and,
given a base {α1, . . . , α�} of the set of roots R of the Lie algebra g, are uniquely described by
the characteristic χ = (α1(�0), . . . , α�(�0)). There is always a root base ∆ such that αk(�0) ∈
{0, 1, 2} ∀ k, and all possible characteristics and thus all conjugacy classes of sl(2)-subalgebras of
simple Lie algebras have been classified [17,28]. In view of (64) the invariant connection on the
principal bundle for a given conjugacy class of K-actions of automorphisms is then fully given
by the (complex) functions wα(r) such that

�+ =
∑
α∈Sλ

wαeα, Sλ := {α ∈ R : α(�0) = 2}. (67)

Here we have introduced a Chevalley–Weyl basis {hα, eβ, e−β : α ∈ ∆,β ∈ R+} (where R+ is
the set of positive roots, cf., for example [29]) of g for which we adopt the conventions and
definitions1

[eα, e−α] = hα, [eα, eβ] = να,β eα+β, ν−α,−β = −να,β or 0, ifα+ β /∈ R,
(68)

|α|2 := k(α, α), 〈α, β〉 := 2k(α, β)

|β|2 ∀α, β ∈ R, (69)

k(eα, e−α) = −2|α|−2 ∀α, β ∈ R, (cij) := (〈αi, αj〉) (Cartan matrix). (70)

The gauge connection is thus described by as many complex functions of r as there are elements
in Sλ. In fact, by the definition of the roots, the eigenspace g2 of ad�0 is spanned by the set
{eα : α ∈ Sλ}.

1 If the gauge group is semisimple and an invariant inner product on g contains more than one ‘coupling’ constant this
may have to be modified.
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In the EYM case the field equations need to be solved for the two real functions N (or m)
and S of r and the complex functions wα = ωα eiγα = uα + ivα for α ∈ Sλ. This turns out to be
considerably simpler if the set Sλ forms a �-system [17], i.e. if α, β ∈ Sλ implies that α− β is
not a root. Then [eα, e−β] = 0 if α and β are two distinct elements of Sλ [15,16]. Then Sλ also
generates a subalgebra of g. In particular, Sλ is a �-system if �0 is contained in the open Weyl
chamber of the Cartan subalgebra of g [15] which means, in particular, that α(�0) > 0 ∀α ∈ R+.
We have called this the regular case.

The simplification occurs largely because the constraint equation (47) then implies that the
phase γα of wα is constant and can be chosen zero by a gauge choice. As the following shows
this may not always be the case in the presence of Higgs fields, but the equations are still much
simpler.

In the following we will derive an explicit form for the Yang–Mills and the Higgs equations
only since no new insight is gained by reformulating Einstein’s equations.

The left-hand side of Eqs. (45)–(47) has been derived in [16,18]. From (67) we have

r2S−1(NSw′
α)′ + 1

2

⎛
⎝α(�0)wα −

∑
β∈Sλ

〈β, α〉|wα|2wβ +
∑

β,γ,δ∈Sλ
µαδβγwβw̄γwδ

⎞
⎠

= −r2R̃+,α ∀α ∈ Sλ (71)

and ∑
α,β∈Sλ

(wαw̄
′
β − w′

αw̄β)[eα, e−β] = 2r2ρ̃(Φ,Φ′), (72)

where

[eα, [eβ, e−γ ]] =:
∑
δ∈Sλ

µδαβγeδ

and R̃+,α is the eα-component of R̃+. Note that it follows from Proposition 3 that R̃+ ∈ g2 =
span{eα : α ∈ Sλ}. Moreover, [eα, e−β] ∈ g0 if α, β ∈ Sλ and ρ̃(Φ,Φ′) ∈ g0. By Proposition 2,
Eq. (72) needs to be solved for the w′

α’s only for one r-value.
In the regular case µαβγδ = 0, so (71) represents the components of an equation in the span of

{hα : α ∈ Sλ}. Moreover, [eα, e−β] = δαβhα so that (72) becomes a condition for the derivatives
of the phases of the complex functions wα(r) (which when the right-hand side vanishes like in
the EYM case means that the phases will be constant and the wα’s can be chosen real by fixing
the gauge.)

Since in (35) the quantity ρ̃ is only defined for A ∈ go in order to evaluate the right-hand side
of (71) and (72) we introduce (temporarily) the basis

ĥj := − i
2 hj, êα := 1

2 (−eα + e−α), f̂α := i
2 (eα + e−α) (j = 1, . . . �, α ∈ R+),

(73)

whose R-linear span is the compact real form go of g. In this basis {eΓ } = {hj, êα, f̂α} the invariant
metric then has the form

(k̂Γ∆) =

⎛
⎜⎝

1
2 |αi|−2cij 0 0

0 |α|−2δαβ 0

0 0 |α|−2δαβ

⎞
⎟⎠ . (74)
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We extend the anti-Hermitian representation ρ : go → gl(V ) to g in the obvious way, ρX+iY :=
ρX + iρY , and let

ρj := ρhj ∀ j = 1, . . . , � and ρα := ρeα ∀α ∈ R+. (75)

It then follows for the Hermitian conjugates with respect to the inner product h on V that

ρ+
j = ρj, ρ+

α = ρ−α (76)

and that ρ�0 is Hermitian and ρ+
�± = ρ�∓ . Denoting the inverse of k(ĥi, ĥj) by

k̂ij = 2cij|αj|2, (77)

where (cij) is the inverse of the Cartan matrix, we find from (35) that

ρ̃(x, y) = −
�∑

i,j=1

ĥi k̂ij Im h(ρjx, y) −
∑
α∈R+

|α|2(Re[h(ραx, y) − h(x, ραy)]êα

− Im[h(ραx, y) + h(x, ραy)]f̂α). (78)

Now any (finite-dimensional) representation of G is the direct sum of irreducible ones which can
be obtained from irreps of g and are characterized by their highest weight Λ ∈ h∗ (the dual of
the Cartan subalgebra h). Any other weight µ is then given by µ = Λ− ∑�

i=1 qiαi for certain
nonnegative integers qi. The set of eigenvalues of ρ�0 is Eo = {µk(�0)}, where the µk are the
weights of the representation. Thus spherically symmetric Higgs fields for a given�0, i.e. choice
of the action of K, and a given representation ρ exist provided at least one of the irreducible
components of ρ has a weight µ with µ(�0) = 0.

In particular, for the adjoint representation, ρ = ad and V = go, there is always a weight 0
with multiplicity equal to the rank of g and any Φ ∈ h is a solution of (44).

Moreover, in the regular case where α(�0) > 0 for all positive roots α every solution of (44)
lies in h.

Next we observe that since ρ�0 is a Hermitian operator the vector space V is a direct sum of
mutually orthogonal eigenspaces of ρ�0 ,

V =
⊕
σ∈Eo

V̂σ, V̂σ := {x ∈ V : ρ�0x = σx} (79)

so that (44) now states that Φ(r) ∈ V̂0 ∀ r and thus also Φ′(r) ∈ V̂0. Moreover, it follows easily
that

ραVσ ⊂ Vσ+α(Λ0) and ρhVσ ⊂ Vσ ∀h ∈ h (80)

and therefore ραΦ ∈ V̂2 when α ∈ Sλ so that, in particular,

ρ�±Φ ∈ V̂±2 and ρjΦ ∈ V̂0. (81)

Thus, if we replace x and y in (78) byΦ andΦ′, respectively, we get the expression needed on the
right-hand side of (72) except that the second sum needs only be taken over those roots α ∈ R+
for which α(�0) = 0, in view of (80), since bothΦ andΦ′ lie in V̂0 and the V̂σ are orthogonal for
distinct σ.
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In the regular case α(�0) > 0 ∀α ∈ Sλ so that the constraint equation (72) becomes

�∑
j=1

k̂ijaj|αj|2|α|−2ω2
α γ

′
α = − 1

2 r
2 Im h(ρiΦ,Φ′) ∀ i = 1, . . . , �, ∀α ∈ Sλ, (82)

where α = ∑�
j=1 ajαj .

In the evaluation of R̃+ one obtains expressions h(ρ±αΦ, ρ±βΦ) (for all choices of the signs)
where α ∈ Sλ and β ∈ R+. But if Φ ∈ V̂0 then ρ±αΦ ∈ V̂±2 and ρ±βΦ ∈ V̂±β(�0). Since these
eigenspaces of ρ�0 are mutually orthogonal the only inner products that are nonzero are those for
which α, β ∈ Sλ and the signs are the same. It follows that

R̃+ =
∑
α∈Sλ

R̃+,αeα =
∑
α∈Sλ

|α|2Qαeα, (83)

where

Qα := 1

2

∑
β∈Sλ

(Rα,β + R̄−α,−β)wβ (84)

and

Rα,β := h(ραΦ, ρβΦ), α, β ∈ R, Φ ∈ V̂0. (85)

Again, in the regular case, or whenever we know that α, β ∈ Sλ implies that α− β is not
a root, this simplifies somewhat. For we have ρ−αρβΦ = ρ[e−α,eβ]Φ+ ρβρ−αΦ = ρβρ−αΦ
and therefore R−α,−β = h(ρ−αΦ, ρ−βΦ) = h(Φ, ραρ−βΦ) = h(Φ, ρ−βραΦ) = h(ρβΦ, ραΦ) =
h(ραΦ, ρβΦ) = R̄α,β so that

Qα =
∑
β∈Sλ

Rα,βwβ. (86)

6. Conclusions

We have shown how to, in principle, construct Einstein–Yang–Mills–Higgs systems that are
invariant under an arbitrary action of a space-time symmetry group that acts by principle bundle
automorphisms which leave the gauge connection invariant as well as Higgs fields defined via any
unitary representation of the (compact) gauge group. The classification of the possible actions
by automorphisms is known for the symmetry group SU(2), but may be more difficult to find
for larger groups. One would need to first find all conjugacy classes of a certain type of Lie
subalgebras of the gauge Lie algebra.

We have obtained an explicit form of the full field equations in the static spherically symmetric
case and shown that they form a consistent system of ordinary differential equations. Before
global solutions can be found numerically it would be necessary to investigate in some detail the
boundary conditions that regularity conditions at a center, horizon or in an asymptotic region will
imply.

It must be pointed out that not all cases of physical interest even for the static spherically
symmetric case are covered by this approach. For example, the doublet Higgs field coupled to
an SU(2)-gauge and gravitational field in [30] cannot be described in our formalism because
the Higgs field is not spherically symmetric. In fact, the representation of su(2) in this case is
the direct sum of two irreducible two-dimensional ones for which there is no weight µ with
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µ(�0) = 0. These authors make a simple ansatz for the Higgs field using the gauge choice for the
potential often attributed to Witten [26]. They then find that the stress-energy tensor is spherically
symmetric and thus compatible with a spherically symmetric ansatz for the space-time metric.

One might ask whether with our gauge choice one can assume that only the quantity
h(D(αΦ,Dβ)Φ) is spherically symmetric rather than Φ itself. Unfortunately this is not possi-
ble since then h(ρΛ3Φ, ρΛ3Φ) would have to vanish which implies ρΛ3Φ = 0, i.e. an invariant
Higgs field. On the other hand we do not know whether the Witten ansatz for spherically symmet-
ric gauge fields can be generalized to gauge groups other than SU(2) or whether perhaps another
equally convenient gauge exists.
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[3] P. Forgács, N. Manton, Space-time symmetries in gauge theories, Comm. Math. Phys. 72 (1980) 15–35.
[4] J. Harnad, S. Shnider, L. Vinet, Group actions on principal bundles and invariance conditions for gauge fields, J.

Math. Phys. 21 (1980) 2719–2724.
[5] K.B. Marathe, G. Martucci, Mathematical Foundations of Gauge Theories, Elsevier, Amsterdam, 1992.
[6] R. Bartnik, J. Mckinnon, Particlelike solutions of the Einstein–Yang–Mills equations, Phys. Rev. Lett. 61 (1988)

141–144.
[7] H.P. Künzle, A. Masood-ul-Alam, Spherically symmetric static SU(2) Einstein–Yang–Mills fields, J. Math. Phys.

21 (1990) 928–935.
[8] M. Volkov, D. Gal’tsov, Black holes in Einstein–Yang–Mills theory, Soviet, J. Nuclear Phys. 51 (1990) 747–753.
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